Abstract. The icosidodecahedral arrangement is introduced by M. Yoshinaga [Yos19] as the first known example that is a hyperplane arrangement whose Milnor fiber has torsions in first integral homology. In this note, we prove that the icosidodecahedral arrangement is K(π, 1), hence so is its Milnor fiber.
The icosidodecahedral arrangement
A hyperplane arrangement A = {H 1 , . . . , H n } in V = C is a finite collection of affine hyperplanes in C . An arrangement A is said to be central if every hyperplane H i is a linear hyperplane, and A is said to be real if each hyperplane is defined by a linear form with real coefficients. Given a hyperplane arrangement A, the intersection poset L(A) = {∩ H∈B H = ∅ | B ⊆ A} is the set of nonempty intersections of hyperplanes in A, partially ordered by reverse inclusion. Note that L(A) has a unique minimal element V , which is the intersection over empty set. There is a rank function on L(A) defined by r(X) = codim(X). The rank r(A) of A is defined as the maximal value of r. For a central arrangement A, r(A) = r(∩ H∈A H).
The complement M (A) = C \ ∪ H∈A H is an interesting topological space whose cohomology ring is known to be isomorphic to the Orlik-Solomon algebra [OS80] , which is defined solely by L(A). In particular, the integral homology is torsion-free. Among other results, the Poincaré polynomial of M (A) can be computed from L(A)
where µ is the Möbius function on L(A).
Another interesting space associated to a central hyperplane arrangement is the Milnor fiber. See [Dim17] for details. Suppose A is a central hyperplane arrangement in C +1 , then for each hyperplane H ∈ A, we choose a linear form α H with H = Ker α H . The homogeneous polynomial Q = H∈A α H is called the defining polynomial of A. Note that Q −1 (0) = ∪ H∈A H. The map Q then restricts to a locally trivial fibration M (A) → C * and the fiber Q −1 (1) is called the Milnor fiber of A, denoted by F (A). Unlike M (A), the Milnor fiber F (A) is a rather less known space. For example, it is not known whether the Betti numbers of F (A) are determined solely by L(A). On the other hand, torsions have been found in the integral homology of F (A) for the case of multiple arrangements [CDS03] , and for ordinary arrangements in higher homology [DS14] .
M. Yoshinaga [Yos19] has recently found an interesting example whose Milnor fiber has torsions in first integral homology. The arrangement is (the complexification of) a real central (hyper)plane arrangement in R 3 , called the icosidodecahedral arrangement for it fits perfectly in an icosidodecahedron. Denote this arrangement by A ID . We describe how to construct A ID out of an icosidodecahedron, see Figure 1 . The arrangement A ID consists of 16 planes in R 3 divided into two classes: edge planes and diagonal planes. An edge plane is a plane cutting the icosidodecahedron along an equator made of 10 edges, there are 6 such planes. A diagonal plane is a plane cutting the icosidodecahedron along a closed path made of 6 diagonals of pentagon faces, there are 10 such planes. A more useful way to view A ID is to consider its deconing with respect to one of its plane. For example, we shall use the deconing L ID of A ID with respect to an edge plane. To obtain the deconing, we put one edge plane as {z = 0} in R 3 , then take a section of A ID by the plane {z = 1}. In this way, we obtain the affine line arrangement L ID shown in Figure 2 . The reverse construction is called coning. Note that the blue lines in L ID come from edges planes of A ID and the red lines come from diagonal planes. The computations about A ID , both in [Yos19] and this note, are carried out on L ID . We shall prove that A ID is a K(π, 1) arrangement, that is, the complement M (A ID ) (of the complexification) is K(π, 1). 
Properties that the icosidodecahedral arrangement does not enjoy
For a real hyperplane arrangement, we may ask whether it is simplicial, supersolvable (fiber-type), free, K(π, 1), rational K(π, 1), factored, satisfying the lower central series formula, etc. In this section, we check that the icosidodecahedral arrangement fails all above properties except for the K(π, 1) property.
A real hyperplane arrangement is said to be simplicial if each chamber can be transformed into the positive octant by a suitable coordinate change. P. Deligne [Del72] proved that simplicial arrangements are K(π, 1). But one easily sees that in the deconing L ID of A ID , there are pentagon chambers whose cone cannot be transformed into the octant R 3 >0 . Hence A ID is not simplicial. The Poincaré polynomial of L ID can be computed combinatorially
and that of
Note that π(A ID , t) does not factor as a product of degree one polynomials with integer coefficients. Thus A ID is not free nor supersolvable (fiber-type) (see [Ter81, JT84, FR85, Ter86] ). Furthermore, we have the following result.
Theorem 2.1 ([PY99], see also [FR00] ). For a rank 3 arrangement A, the following are equivalent • A is fiber-type;
• the lower central series formula
holds for A, where φ n is the rank of successive quotient G n /G n+1 of the lower central series L. Paris [Par95] proved that a factored line arrangement and its cone are K(π, 1). However, L ID is not factored as we check below. Definition 2.2. A factorization of an affine line arrangement L is a partition (Π 1 , Π 2 ) of L such that
• For any 1 ∈ Π 1 and 2 ∈ Π 2 , 1 ∩ 2 = ∅, and
We prove that L ID is not factored, that is, there is no factorization of L ID . Suppose there is a factorization (Π 1 , Π 2 ) and H 1 ∈ Π 1 . Look at the multiplicity 2 intersection X = H 1 ∩ H 9 and (L ID ) X = {H 1 , H 9 }. The second condition asserts that H 9 ∈ Π 2 . Similarly, by looking at the multiplicity 2 intersection H 3 ∩ H 9 , we see that H 3 ∈ Π 1 . But the intersection H 1 ∩ H 3 contradicts to the second condition.
The icosidodecahedral arrangement is K(π, 1)
Although A ID fails to satisfy many sufficient conditions for K(π, 1)-ness, such as simplicial, supersolvable, factored conditions, we managed to prove A ID is K(π, 1) using M. Falk's test [Fal95] for a central real 3-arrangement to be K(π, 1).
Let L be an affine line arrangement in R 2 and Γ be the 2-dimensional CW complex consisting of all bounded strata of R 2 stratified by L. We use the terms vertices, edges and faces for 0-, 1-and 2-dimensional cells, respectively. A corner of Γ is a pair (v, f ) where v is a vertex of Γ and f is a face of Γ such that v lies in the closure of f . A system of weights ∆ on Γ is a function on the set Corner(Γ) of corners of Γ to R ≥0 . For a vertex v of Γ, its link Λ v is the simple graph whose vertices are edges of Γ incident with v, and two vertices of Λ v are connected by an edge if the corresponding edges of Γ are incident with a common face. Note that if Λ v is a cycle, then it contains 2m vertices, where m is the multiplicity of v, i.e. the number of lines in L through v.
A circuit at v is a closed walk on Λ v , noting that a circuit may traverse an edge more than once. A system of weight ∆ on Γ induces a labeling of edges of Λ v for any vertex v. Furthermore, for a circuit ξ at v, denote by ∆(ξ) the sum of labels of ξ. Note that in ∆(ξ), the labels are counted with multiplicities.
Theorem 3.1 ( [Fal95] ). If Γ admits a system of weights ∆ satisfying the following two conditions,
(1) (Asphericity) For each face f of Γ,
where d(f ) is the number of vertices in the closure of f . (2) (L-admissibility) For each vertex v of Γ with multiplicity m and each of the following types of circuit ξ at v, Λ v is a cycle (e 1 , e 2 , . . . , e k , e 1 ) (e i the vertices of Λ v ), then ξ = (e 1 , e 2 , . . . , e k , e 1 ).
(ii) If Λ v is a cycle (e 1 , e 2 , . . . , e k , e 1 ) or a path (e 1 , e 2 , . . . , e k ) with k > m + 1, then ξ = (e j , . . . , e m+j , e m+j+1 , e m+j , . . . , e j ), 1 ≤ j ≤ k − m − 1.
(iii) If Λ v is a cycle (e 1 , e 2 , . . . , e k , e 1 ) or a path (e 1 , e 2 , . . . , e k ) with k > m, then ξ = (e j , . . . , e m+j , . . . , e j , . . . , e m+j , . . . , e j ), 1 ≤ j ≤ k − m.
(iv) If Λ v is a cycle (e 1 , e 2 , . . . , e k , e 1 ) or a path (e 1 , e 2 , . . . , e k ) with k > m, then ξ = (e j , . . . , e m+j , e m+j−1 , e m+j , . . . , e j , e j+1 , e j ), 1 ≤ j ≤ k − m.
then the cone cL is a K(π, 1) arrangement.
We are ready to use Falk's test to prove our result.
Theorem 3.2. The icosidodecahedral arrangement A ID is K(π, 1), so is its Milnor fiber.
Proof. Let L be the deconing L ID of A ID . We shall find an aspherical and L-admissible system of weights ∆ on Γ. Using symmetry, the values of ∆ are determined by those labeled in Figure 3 .
We make a table of all shapes of Λ v and circuits appearing in this situation, where we use 123 for abbreviation of (e 1 , e 2 , e 3 ) and so on. Note that we have suppressed those circuits obtained by translations of indices. The strategy is to attain equalities in the asphericity condition as much as possible. Here we list a valid solution ∆
It is easily checked that all equalities in the asphericity condition hold in this case. To check the L-admissibility condition, thanks to symmetry, we only need to check 5 vertices: those surrounded by weights (labels) abcb, def hkhf e, mij , mhghm, nq. The links of the first three are cycles of length 4, 8, 4 respectively, and the links of the last two are paths. Note that the vertex whose corner labeled by p has link two vertices connected by an edge, which does not appear in the L-admissibility condition, so we can omit it. For the above five vertices, all or some of the four types of circuits will appear. Here we may check for one case as an example and the reader can easily complete the rest following the above table.
Let us look at the vertex v surrounded by def hkhf e. The link Λ v is a cycle of length 8 with labels these letters. In this case, all four types of circuits appear. For type (i) circuits ξ 1 , the sum ∆(ξ 1 ) = d + 2e + 2f + 2h + k = Applying Falk's test (Theorem 3.1), we conclude that A ID is K(π, 1). The homotopy long exact sequence of the Milnor fibration proves that the Milnor fiber is also K(π, 1).
There are some direct consequences, see [Ran97] .
Corollary 3.3. The fundamental group π 1 (M (A ID )) is of type FL and of cohomological dimension 3. In particular, it is torsion-free.
